Dynamic behaviour is significantly important in the design of large rotor systems supported on water-lubricated rubber bearings. In this study, the mathematical model of elastohydrodynamic lubrication of the bearing is established based on the theory of hydrodynamic lubrication after considering the elastic deformation of rubber, and the dynamic characteristics of water-lubricated rubber bearings are analysed under small perturbation conditions according to the load increment method and the finite difference method. Next, the differential equation of rotor systems coupled with the water-lubricated rubber bearing is deduced using Lagrange's approach, and its critical speeds, stability, and unbalanced responses are analysed in detail. The numerical results show that several parameters, such as the eccentricity, lengthdiameter ratio, and clearance of bearing and the rotating speed of the rotor, have a great impact on the dynamic performance of water-lubricated rubber bearings, and this influence cannot be ignored, especially in the case of large eccentricity ratios. The dynamic characteristics of rotor systems guided by water-lubricated rubber bearings reveal that the critical speeds are much lower than the ones under the rigid supports because of the elastic deformation, and they also indicate that the rotor system supported on water-lubricated rubber bearings has a weaker stability. In addition, the steady-state responses of the rotor system are analysed when the mass unbalance of the propeller exists, and the effect of the thickness of the rubber liner is also considered.
Introduction
Propeller-ship stern shaft systems supported on rubber bearings play an important role in propulsion systems. Whether for military or civilian use, the structure of the propulsion system is similar in modern ships, that is, it consists of a propeller shaft guided by water-lubricated rubber bearings and a motor shaft connected by a shaft coupling. Compared with oil, water is a better candidate as a lubricant because of its low cost, energy saving capability, good safety and environmentally friendly characteristics. Moreover, water has a small friction coefficient, which can be used for noise reduction and vibration control, and it is not sensitive to installation or impact. However, rubber bearings also have some shortcomings. For example, at a low speed, it is difficult to form an effective water film between the rotor and the bearing under a heavy load; as a result, sometimes, the abrasive wear of rubber bearing is very serious. Furthermore, the load distribution on the propeller bearing is not uniform, and the local bearing pressure near the propeller is much higher. Accordingly, the harmful vibration and annoying noise are produced because of the wear when it is running. With the increased demand in marine engineering, ships are tending towards large-scale, heavy load and high speed, especially for the super-large vessels. Thus, it is necessary to improve the requirements for water lubrication rubber bearing-rotor systems in the design, manufacture and installation of propulsion shafting.
The past few decades have witnessed the intensive study of the elastohydrodynamic lubrication of journal bearings, and both the elastic deformation of journal bearings and their lubrication using a fluid film have been considered in the mathematical equations.
suggested that the effects of the coupled deformation of rubber should be paid more attention. For example, Cabrera et al., 2 analysed the distribution of film pressure for a water-lubricated rubber journal bearing both experimentally and theoretically, and Wang et al. 3 studied the properties of the bearing with multiple axial grooves on a test rig. Majumdar et al. 4 investigated the stiffness and damping coefficients of water-lubricated journal bearings; in their study, the Reynolds equation is solved numerically by the finite difference method. Pai and Pai 5, 6 theoretically studied the stability of water-lubricated journal bearings with multiple axial grooves, where the time-dependent Reynolds equation was introduced.
Regarding the dynamics of the rotor system supported on water-lubricated rubber bearings, its lubrication characteristics have been considered in the design of marine propulsion shafting because, in operation, its stern shaft bearing presented abnormal vibrations and disturbing noises. Jiang and Geng 7 established a dynamical model of a single span rotor system with oil film forces, and the unbalanced responses were determined. Alex de Kraker et al. 8 described a mixed elastohydrodynamic lubrication model for finite-length elastic journal bearings, which were applied to a typical water-lubricated journal bearing problem. Based on the finite element method, Zhou and Jun 9 analysed the dynamic characteristics of a rotor system coupled with a thrust bearing. Li et al. 10 studied a liquid film force of a water-lubricated bearing in desalination multistage pumps and its dynamics of rotor-bearing system were also investigated. In Qin et al., 11 experimental investigations were performed to examine the physical properties for the water-lubricated rubber bearing of a marine stern. Liu and Yang 12 considered the dynamic coefficients of the long water-lubricated rubber bearing in rotating machinery, and Zhou et al. 13 studied the stiffness and damping coefficients of water-lubricated rubber bearings with multiple grooves. Machado and Cavalca 14 analysed the influence of wear on the dynamical response of the rotor-bearing system in the frequency domain after taking into account the rising of the backward component caused by the increase of the bearing anisotropy.
For the propulsion system of large ships, because the weight of the propeller and rotor is very high, the pressure on the water-lubricated bearing is so high that, sometimes, the specific pressure of propeller bearing is more than 0.4 MPa, which can further decrease the load capacity of the bearing via the excessive deformation of the working surfaces. On the one hand, traditionally, to reduce the high specific pressure of propeller bearing, the large slender ratio is implemented to guarantee limited pressures in practical engineering. Accordingly, the dynamical performance of propulsion system may deteriorate. On the other hand, as an important rotating machine, the research on the dynamic characteristics of the rotor system supported on water-lubricated rubber bearings is much less than that of the rotor systems coupled with the oil film bearings, and few studies of the dynamic characteristics such as the critical speeds and stability have been published. Therefore, the purpose of this paper is to discuss the mathematical modelling and analyse the dynamic behaviours of a rotor system supported on water-lubricated rubber bearings.
Elastohydrodynamic lubrication of water-lubricated rubber bearings
The water-lubricated rubber bearing consists of a bearing sleeve and a rubber liner; the structure and the coordinate systems are shown in Figure 1 , in which the rotor rotates around the bearing centre at a speed of !, O' is the centre of journal, e is the eccentricity, ' is the deviation angle, and hmax and hmin are the maximum and minimum thicknesses of water film, respectively.
When the shaft is rotating, the water film between the rotor and rubber liner is formed, and its dimensionless pressure P of a water-lubricated rubber bearing yields
where is the circumferential coordinate of the bearing in cylindrical coordinates, l is the dimensionless axial coordinate, H is the dimensionless water film thickness, L is the length of the bearing, d is the diameter of the bearing, and is the dimensionless time.
Compared with the metal liner, the deformation of the rubber liner of the water-lubricated rubber bearing is much larger. Winkler 15 assumed that the displacement of every node is proportional to the suffered load under the action of continuous distribution load. According to the Winkler assumption, Conway and Lee 16 thought that the rubber liner under loads is equivalent to many parallel springs, which are fixed between the rigid sleeve and the water film, and the dimensionless elastic deformation of each node can be written as
where ÁH is the deformation of rubber liner, u is the speed of the journal, is the dynamic viscosity of water, R is the radius of journal, P is the dimensionless water film pressure, l b is the thickness of rubber liner, c is the radius clearance, E 1 is the elastic modulus of the rubber, and is Poisson's ratio. The water film thickness of the rubber bearing includes the gap between the bearing and the rotor as well as the deformation of the rubber. Considering the radius clearance c as a characteristic length, the dimensionless thickness of water film can be obtained by addressing the equation for the waterlubricated bearing in whole circle term, and the water film thickness in non-dimensional form can be written as follows
where H is the non-dimensional thickness of the water film of the rubber bearing, and " is the eccentricity ratio. Utilising the finite difference method, equation (1) is solved. Figure 2 shows the grid of the solution domain, which could be divided into n and m equidistant intervals along the circumferential and axial direction.
Using the central difference scheme, equation (1) becomes
where
Considering the natural rupture boundary conditions of the water film, the dimensionless water film pressure P i,j of the ijth node can be solved on equation (4) , and the components of water film pressure in x and y directions, namely F Rx and F Ry respectively, can be obtained by integrating again.
Dynamic coefficients of the water-lubricated rubber bearing Figure 3 shows the force diagram of the water lubrication rubber bearing, in which FRx and FRy are the components of the total bearing forces in the x and y directions, respectively. When the motion has a small perturbation near the static equilibrium position, using the Taylor series the water film pressure is expanded, and after omitting higher order trace, it can be expressed as
where F Rx0 and F Ry0 are the components of water film pressure in x and y directions, respectively, at the static equilibrium position. Therefore, the stiffness and damping of water film can be written as follows
Substituting this into equation (6) yields
Accordingly, the change of the water film pressure can be obtained by the stiffness and damping coefficients of the rubber bearing.
The finite difference method
A small perturbation of dimensionless displacement þÁx is introduced at the static equilibrium position based on K xx ¼ qF x /qx in equation (7), and its geometric relationships are shown in Figure 4 . Assume that O is the central of the journal, which is fixed, and that O 0 1 is the static equilibrium position of the journal. When a perturbation þÁx is given, the centre of the journal moves to O 0 1 , the eccentricity is e 1 at the same time, and the deviation angle is ' 1 . Similarly, given a perturbation ÀÁx, the centre of journal moves to O 00 1 , the eccentricity becomes e 2 at the same time, and the deviation angle turns into ' 2 . The eccentricity e 1 and the deviation angle ' 1 can be solved using the Cosine Theorem
, ' 1 ¼ ar cos e cos '=e 1 ð Þ , and the rest is similar.
The finite difference method is introduced in this article. According to the geometric relationships, the eccentricity and the deviation angle are calculated again, and the dimensionless water film thickness H 1 , F x1 and F y1 are calculated by integration. In the same manner, the scheme is ÀÁx ! H 2 ! P 2 ! F x 2 , F y 2 , then
The dimensionless parameters K xy and K yy can be obtained with þÁy in a similar manner. When we have a speed perturbation AEÁ _ x, the expression of the thickness H is constant at the same time. We have þÁ _
x ! P 5 ! F x 5 , F y 5 and ÀÁ _ x ! P 6 ! F x 6 , F y 6 . Accordingly, it reads Dimensionless stiffness coefficient Eccentricity ratio Figure 6 . A curve of dimensionless stiffness with the change of eccentricity.
In the same manner, Cxy and Cyy can be acquired with the speed perturbation AEÁ _ y. When setting the dimensionless displacement perturbation and speed perturbation as 0.01, the bearing parameters are shown in Table 1 .
Damping and stiffness of water-lubricated rubber bearing
The dynamic characteristic plays an important role and takes up most of the calculation time in the dynamical analysis of the water-lubricated rubber bearing, such as the stiffness and damping coefficients of the waterlubricated rubber bearing. This research mainly integrates the influence of the eccentricity ratio, the length-diameter ratio, the relative clearance and the speed of rotor, which are shown in Figures 5 to 12 .
Influence of the eccentricity ratio on the damping and stiffness. In Figures 5 and 6 , the results show that the eccentricity ratio has a great influence on its dynamic characteristics, in which both the stiffness and the damping coefficients increase as the eccentricity ratio increases. The cross damping coefficients are almost equal when the eccentricities are small; otherwise, the cross damping coefficients are different. When the value of the eccentricity ratio is higher than 0.8, the coefficients are greatly changed.
Influence of the length-diameter ratio on the damping and stiffness. Figures 7 and 8 show the influence of the length-diameter ratio on the dynamic characteristics of water-lubricated rubber bearing; the figures indicate that the absolute values of the dynamic coefficients increase with the increasing length-diameter ratio. When the eccentricities are small, the increments of damping and stiffness coefficients are rather small; however, the growth is very rapid with the increase of the eccentricity. For example, the absolute values of K xx and C xx at L/d ¼ 2.5 are four times more than those at L/d ¼ 0.5 when the eccentricity ratio is equal to 0.9; thus, increasing the ratio of length to diameter (L/d) can significantly change the dynamic characteristics of rubber bearings in some cases.
Influence of relative clearance on the damping and stiffness. 
stiffness of water-lubricated rubber bearings with different relative clearance ratios, in which the changes of the dimensionless dynamic coefficients are obvious compared to those of the relative clearance ratios. When the eccentricity is small, the effect of the relative clearance ratio on the dynamic characteristics is not large because of the incomplete contact between the journal and the bearing. However, the effect is outstanding in the case of high eccentricity because of the larger contact area between the journal and the rubber bearing lining.
The influence of speed on the damping and stiffness. In Figures 11 and 12 , the curves of the dynamic coefficients with various speeds are shown for the waterlubricated rubber bearing, and the selected speeds are 200 r/min, 600 r/min, 1000 r/min, 1400 r/min and 2000 r/min. From the above results, the speed has an observable influence on dynamic characteristics. Similarly, the speed has a minor influence on the dimensionless dynamic coefficient in the case of low eccentricities, and the effects are quite obvious with higher eccentricities. Therefore, the result reveals that the influence of rotating speed on the dynamic characteristics is quite high in the case of high eccentricity.
Dynamical analysis of the rotor system supported on a water-lubricated rubber bearing
This section mainly focuses on the dynamical analysis of this rotor system, including the critical speed and mode, the threshold speed of stability, and the unbalance response. A propeller shaft-stern shaft coupling system supported on the rubber bearings is a typical multi-span rotor-bearing system in submarine structures. The bearing-rotor system consists of a propeller, three bearings, two rotors and a coupling. Figure 13 gives a typical propeller shaft-stern shaft coupling system, which is supported on three waterlubricated rubber bearings.
The motion equation of the rotor system supported on water-lubricated rubber bearings
The kinetic energy of rotating shaft can be expressed as where n is the total units, m i ði ¼ 1, 2, . . ., nÞ is the lumped mass of the ith element, J j i ði ¼ 1, 2, . . ., n; j ¼ d, zÞ are the diametrical and the polar moments of inertia, x i , y i , z i , ' i , and i are the generalised displacements of the ith node, and is the angular velocity of rotor.
The deformation of the ith element of the rotor is shown in Figure 14 , where S iÀ1 , M iÀ1 , Q iÀ1 , N iÀ1 , S i , M i , Q i , N i are the forces and moments exerting on the (i-1)th and ith elements.
The potential energy of rotating shaft can be written as
where E is the Young's modulus, I i is the second moment of the ith shaft section, and l i is the length of the ith shaft section. Based on Lagrange's equation
co-ordinates, the motion equation can be written as
where the mass matrix M and stiffness matrix K remain symmetrical; however, the gyroscopic matrix G is skew-symmetrical, and Q is the generalised force vector.
When the rotors are supported on water-lubricated rubber bearings, then the variation of the water film forces of the rubber bearings should be embedded, which is shown in equation (8) . Thus, the equation of motion of the bearing-rotor system becomes The generalised force vector Q is mostly comprised of external excitations, such as the unbalanced force and the impacting force. Matrices M and K are mainly determined by the physical parameters of the system.
Dynamical characteristics
In this article, the physical structure includes a propeller and a rotor supported on the three water-lubricated rubber bearings, and the detailed parameters of the system are listed in Table 2 .
The critical speed and its mode. When the vector of generalised external forces Q is zero in equation (15), the corresponding eigenvalues problem can be solved by the generalised inverse iteration method. The eigenvalues can be obtained by solving the equations; the Campbell curve of the rotor system on the rigid support and elastic supports can be observed in Figure 15 , and the corresponding critical speeds are illustrated in Table 3 .
From the above results, it can be observed that the critical speed of the rotor system with water-lubricated rubber bearings is much smaller than the ones with rigid supports. Rubber bearings are much smaller than the one with rigid supports. As a result, the technique calculating the critical speed of rotor systems supported on oil film bearings is not effective for the proposed system because of the deformation of the rubber. Figures 16 and 17 describe the modes of the system on rigid supports and the modes of the system supported on the waterlubricated rubber bearings, respectively. Figure 16 shows that the displacement corresponding to the first critical speed in the x direction and that in the y direction are the same, which is consistent with the expected results. Similarly, the displacement in the ' direction and the displacement in the direction are also identical. Other critical speeds have the same results. The modes corresponding to the first and the second critical speeds are mainly for the vibration of the propeller. The modes corresponding to the third and the fourth critical speeds are mainly for the vibration of the shafts, and the vibration amplitude is relatively small. Figure 17 shows that the displacements corresponding to the first critical speed in the x direction and those in the y direction are different; neither of them is in coincidence with the results of the system on rigid supports, and the displacement in ' direction and the displacement in direction are not the same.
Other critical speeds have similar results. The modes corresponding to the first and the second critical speeds are mainly on vibrations of the propeller. The modes corresponding to the third and the fifth critical speeds are mainly on vibrations of the shafts, and the vibration amplitude of system is relatively small; however, the amplitude of the other modes is relatively large.
The threshold speed of stability. Assuming that equation (15) has the general form x ¼ Ae lt when Q ¼ 0, the stability of system is determined by its eigenvalues. If l can be expressed as l ¼ u þ jv, the system is stable when all u values are less than 0, and the system is in a critical state when u ¼ 0. When one of the u values is greater than 0, the eigenvalue has a Thrust disk Figure 13 . Schematic diagram of rotor system guided by water-lubricated rubber bearings. positive real value at this time, the system will be in an unstable state, the trajectories tends to diverge after disturbing, and the amplitude gradually increases with time. The calculation results are shown in Table 4 . In this system, the threshold speed of stability is approximately 1380 r/min, which is higher than the sixth critical speed. However, this speed is much lower than the threshold speed of the rotor system supported on oil film bearings in the same case. The effect of a rubber liner on speed. In either the elastic rotor system or the rigid rotor system, the support stiffness of rubber bearings is an essential parameter, and the support stiffness is even more important for the elastic rotor system. Therefore, it is necessary to study the influence of the support stiffness on critical speeds; the results are illustrated in Tables 5 and 6 . From Table 5 , the results show that the thickness of the rubber liner of the water-lubricated rubber bearing has little influence on the critical speed of rotor system. With the increase of the thickness of the rubber liner, the critical speed of the system decreases, wherein the changes of the first critical speed and the fourth critical speed are obvious. However, other critical speeds barely have changes.
It can be observed from Table 6 that the thickness of the rubber liner of the water-lubricated rubber bearing also has a little influence on the threshold speed of the stability of rotor systems. The threshold speed of stability is raised with the increase of the thickness of the rubber liner.
Unbalanced response
The external excitation Q in equation (15) can be expressed as
where Q R and Q I are the real and imaginary parts, respectively. Accordingly, the corresponding response can be written as
wherein q R0 and q I0 are the real and imaginary parts of the steady-state response, respectively. Substituting equations (16) and (17) into equation (15), the equation reads Using Gaussian elimination, and the amplitude A of response can be expressed with q R0 and q I0
Note that the mass unbalance of the rotor system can be calculated by using balancing precision grade G6.3 standard of ISO1940/1, 18 in which the calculation formula is
where A is the balancing precision grade (mm=s), e per is the mass eccentricity (mm), and ! is the angular velocity (rad=s). According to equation (20), the eccentricity is calculated as ½e ¼ 0:301mm when it operates at 200 r/min; the numerical results are shown in Figures 18 to 19 . Figure 18 shows the amplitudes of the steady-state response of the rotor system supported on the waterlubricated rubber bearings when the thickness of the rubber liner is 15 mm. From Figure 18 , the results indicate that the amplitude of the rotor system is dependent on the mass unbalance, and the unbalanced position acting on the propeller produces a maximum amplitude of 4.5 mm. After the calculations, the results also reveal that the amplitude is becoming smaller compared with that of the rigid supports, which is the advantage of elastic supports. Figure 19 demonstrates the unbalanced responses of the rotor system in the cases of different rubber liner thicknesses. The figure reveals that the effect of the thickness of rubber liners on the amplitude is small. The results also show that the amplitudes are not very high at low speeds, and they increase gradually as the speed increases.
Conclusion
The dynamic characteristics of a rotor system supported on water-lubricated rubber bearings, such as the critical speeds, stability and unbalanced responses are studied in the present work. The results show that the damping and stiffness coefficients of the waterlubricated rubber bearing are sensitively influenced by the eccentricity, length-diameter ratio, and clearance of the bearing and the speed of the rotor; that is, both of the dynamic coefficients increase except in the case of small eccentricity. The critical speeds of the rotor system supported on water-lubricated rubber bearings are much lower than the ones under the rigid supports because of the elastic deformations of the journals, and increasing the thickness of rubber liner can decrease the critical speeds in this system. In addition, the elastic change of the rubber bearing also has a little effect on the threshold speed of stability, i.e. the elastic support undermines the stability of the system. Furthermore, the threshold speed of stability is raised by increasing the thickness of the rubber liner. Moreover, the unbalanced responses of the water-lubricated bearing-rotor system are studied which indicate tremendous dependence on the mass unbalance of the propeller. The results also present an advantage of elastic supports; that is, the elastic support can effectively reduce the amplitude of vibration compared with a rigid support. In summary, the above conclusions are helpful for us to understand the dynamic behaviours of the rotor system supported on water-lubricated rubber bearings, such as a large ship propulsion shaft, which is definitely different from that of a system using oil film bearings.
